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Elementary Operations on
Matrices and Applications
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B 114 A A5 8 6 AR I e b — b I A Is B, e T LU T R A R M TR =X A e
SR A Bk SO 130 SR A A D5 R 2H 2 A 22 5 AR PR AR RO SC A TR, AR B 1 5B 51 AR
S AR A ) S5 I ) RE SR s A DA A0 A8 A e 4 S P i A 40 e e A0 2 A e T A
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@.1 WA ) Elementary operations and

elementary matrices

3.1.1 5EFERNETHR | Elementary operations on matrices

WIEERECT FITE e SR o . = on M BRI 5 B M Dy AR A T IR A AR T L B
(1) 45 P J5 T 0 o B
(2) =1 HEFHOR LIS — AT 15
(3) B HATr T LA — A8 BUR BN 53 4b— A O ft b
E1R I R 4 S e I
Ty +8x, +11xs =— 3,
Sx1+ x,—3x; =—4, (3.1
x, +2x, +3x; =1,
B OAGEEALG3. DER 1.3 A B B T A 1
J 1+ 22, +3x; =1,
Sx1+  x,—3x; =—4, (3.2)
Ty +8x, +11x; =— 3,
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BB A G 2D 1 A FREB (D) FC—DAES BN 2 AR A 3N R 15
1+ 222+ 3x3 =1,

)1 _91‘2_ 181‘3:_99

— 6x:— 1023 =—10,

PRI RRAL (3. D 2 AR 3 TR B AT (=D F(—2) . 14
(11 +2x;+3x; =1,

T x;+2x3 = 1,

B PE TR 3. O FEE 2 AR mEEE 3 Ak E. A

(3.3)

(3.4
31‘2 +51‘g =5

(3.5)

JIl_’_Z‘Iz‘f—BIg - 19
1 X2 + 2x3 = 1,

— X3 — 2

PR E R (3. 3 AR 2 /5.3 50 5mBE 2 SRS 1SR

E.15

(Il + 2x;

-

=7,

=5, (3.6)

— x5 = 2

T AT R (3. 6) A 2 TR (2B 1 AR KA 3 AT R

Jﬁm

Xo — 5’
113 —*20

*39

(3.7

H 0 A AR 80 DA b 2% 2 O R L I e o i e M AR 2 (3. D YR

X1 :*39

X, = 5,

T3 =— 2,

A M FH R I 1) 3 10 2 M 5 R A R B A R A3 s o U 3 SRR ol R S ot R X R
p

J7 R 2L B0 K T A SN B A I B T AT s I A A ) 4

Bl .
TN 3.1 R ) =B A8 B R %48 14
LR ETE

(D) HHIEREREE (.7 17 GEE rier)
Tl FR M 34T 5

(2) WHERE RS AT u KR LIAEE &
Bk GOAE kr)  RIFR R BUTE

(3) WHEBEI R j AT 45 0 R I LIAEEHL
RGBS ¢ F7 % oc & F Gt o+
kry)  fIFR &M,

A

I 2 A AT AR

Definition 3. 1

operations are said to be elementary row

The following three

operations performing on matrices:

(1) Interchange the i~th row and the j-
th row of a matrix (written as r;<>r;), for
short, row-interchanging;

(2) Multiply the -th row of a matrix
by a nonzero constant £ (written as kr;), for
short, scalar-multiplication;

(3) Add a nonzero constant £ times the
j-th row of a matrix to the +th row (written

as r;tkr;), for short, multiple-adding.



FRE 3.1 PR AT R B A7, Bl ] A5 2 4] 2 51 25 # (elementary
column operations) 1 5 XL (T FAE 5 320 “r 7 3 i “ ¢ 7)o X 40 [ A7 19 1 55
A7 78 ¥ ) 55 50 A5 4, B2 FR b 9] % 3 # (elementary operations) ,

EX 3.2 WREME A ZSARKYE
AR AR A B AR R A 5 B 4, ic4E
A~B i A—>B,

oy Ik A B S O R AR SRR

(O E5% A5A %M

(2) 3FFRME WHR A 5B EMH. B4 B
5 A Efhs

(3) fiEE WHRAS5BEH.BEC
At B4 A 5 C S,

FIFHE X 3.1 flsE X 3.2, My e (3.

ARtk A R AT

3.1 METMEMEEE

Elementary operations and elementary matrices

Definition 3.2 It is called

that a matrix A is equivalent

to a matrix B, if the matrix B is obtained by
performing a finite sequence of elementary
operations on the matrix A, written as A~B
or A—~>B.

(1) Reflexivity
(2) Symmetry

A is equivalent to itself;
If A is equivalent to B,
then B is equivalent to Aj;

(3) Transitivity If A is equivalent to B
and B is equivalent to C, then A is equiva-

lent to C.

1) A SR fige ak A mT P X 398 ) R G S it 1) 0 45 A T

7 8 11 —3 1 2 3 1
A= |5 1 —3 —4| 05 1 —3 —4
1 2 3 1 7 8 11 —3
1 2 3 1 1 2 3 1 1 2 3 1
r, — 5r, —7r,/9 r, — 3r,
T 0o —9 —18 —9 T/—2> 0 1 2 l1|—— |0 1 2 1
‘ 0 —6 —10 —10) 0 3 5 5 00 —1 2
1 2 0o 7 1 0 0 —3
r, +2r, r,— 2r,
— |0 1 0O 5|—— |0 1 O S5,
" +3f.; —r,
o 0 —1 2 o 0 1 —2

DA L SE B AR OO B F 2R R4 (3. 1) ~ 2Rk

FRRH . D,

PRI o 90 25 47 720 F 2 0 o 4B LD i ) SR o O o 7 ) A T A A O R B (2
AT FRUCA) S AT A8 e A5 B Jie X 1 B S vk 7 e LR IR A ) . TRA T A9 4598

EE3.1 4A=A.b) M B=(B.,d)4
S EME T A Ax=b Fl Bx =d (W3] 4
PR A HERE A A PR SR AT A8 m A8
HilE B, W PEJr fe 4l Bx=d 5 Ax = b
7] i .

Theorem 3.1 Let A=(A,b) and B=
(B, d) be augmented matrices associated
with the linear systems Ax="5b and Bx=d.
If the matrix B is obtained from the matrix
A via a finite sequence of elementary row

operations, then the linear systems given by

Ax=0>b and Bx=d have the same solution.

H T390 45 91 74 e 2 RO T I F) PR D7 L PP R RSB A L DT S B B9 7 R A R
e B LL AR SE PRt Rl R R ET R RR BT RA R WS A
— e X HE A, S AT BRI A A 2 AT A8 L TR FE 240 BT R 3R AR R
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C11 Ciz Cir  Cl,+1 C1
O C22 Co2r C2,1 Con
’ b
0 0 Crr Cror+l Cm
0 0O = 0 0
0 0 cee 0 0 cee 0

PRZ 1T B 46 72 56 BE (row echelon matrix) . ‘& ELA 1R 4 4 .

(D) BAES R —175

) A —AEFAT (W ITREA R RNE T BHE A AEF TR IR —E A
INTFATHR s B — A HEF TR WA AR T8 L ey JEF 47 Can R A 78D 1Y 26
— N EFEITE MR

(3) TR A NF BT CANRAFALE) 7 T 09 55 B I JLAT .

Bl , 3 56 e
1 0 —4 3 5 2 —1 —1
o | R R §
0 5 g 0 0 0770 s
2 3 1 —2 1 0 —3 3 1
- ) | L 00721 )
0 0 0 0 0 0 0:i2 —1
000 0 00 00 o0

YR AT B BT R

A AT B b T R I - St A FIR Y B0 2 A AL e o AT DUH ik — 25 20 A S AT B L B
1 0 cee 0 /71.7+1 cee [)1”
0 1 = 0 bapr o b,

0 0 = 1 b b
0 0 - 0 0 )

0 0O =« 0 0
R 2 HITER & (row-reduced form) ., T S E. B —EF
HEMEMIIMEATEENE,

OIS
puyy
=
i
j
ISl
S
>
oF

i an . 5 4 B
1 0 0 1 2 0 2 0
A=10i1 o], B=10 0i1 0o of,
0 01 00 0 0i1
1 2 2 0 1 2 00 4
- o 1 o - 1 “““ .
00 0 0 0 0 0i1 —3
00 0 0 0000 0
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YR AT e f R

X FAE— 25 TE B R A AT RLZE S AT RV 400 S5 47 748 0K FL 204 A B BB OB DL A7
m MY o Bk — 20 M o X AT e ) T R S A PR 490 45 B 8 e L DU A T Y B R BB
3 1P

0 0
0 1 0 0 0
0 O 1 0 01,
0 0 0 0 0
0 0 =+« 0 0 ==+ 0

RZ NI A, B KR #E 72 (canonical form) ,

T 3.2 M 2ERKYZEST Theorem 3. 2 Any matrix can be re-
AR 0 24k R 7 B B T S T duced to a row echelon matrix by a finite se-

quence of elementary row operations.
W WHEEEE A= (a;) .
HATHITAICE a, #5%5 TF EHEE B4 A CRITHIEHERE .
HANEDHE TR a; MAE A REWICRIES I AW an#
OCH NIXt A Jiti DLSS — Fh o) S5 47 28 4, SnT M AN R OC R 3 3 an 19 07 &

L),FH*%%U\’% LATA LR MBI i 17 G=2,3, - .m) X R TCER |15
T AL RD

4 /
0 A2z A2zt Ay

A—)Al ==

0 a/mZ aCnS o a/nm
A TPERES VATAN R ST ITCR 2 NE R4 A BIUERATOBRIEHE B . A0 AN 9K R U
B a0, A5 B LR A D5 20K Ay BSE 3 AT A m AT ISR 2 ST RN % H

an  aiz  aiz o an
0 ab ab o ab
Al— |0 0 di e
0 0 dy @i
Fie PR R RO E RS T 25 R DK A A AT R IE SRR . a2 A AR 1 SO0 R
2RE LMK R E S 2 5, 555, TIEEE
[F] AT DAE B 4 T 45148 .
Wi 1 AR LA RRe%ETT Corollary 1 Any matrix can be reduced
AR 0 Ak M 4T B TR TR SR I to an row-reduced matrix by a finite se-

quence of elementary row operations.
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Wit 2 (v &3 aGRRY Corollary 2 Any invertible matrix can
5 45 A0 I 249 Ak, SRy B [ be reduced to an identity matrix by a finite

sequence of elementary row operations.

IE B A AT U A L0 AR IR T HN R PR BT AT R A 280t — R W1 AR AT AR 315 2 J5 [ B
AT 5 2 2 | BI 720 BT LL D5 B A 200 A7 BRI S A T R e A TR RE b B R RE E,. - UEEE

Bl 3.1 FRHEEE A A T AR IE AT iR R R MEE L o
2 —1 —1 1 2
1 1 —2 1 4
4 —6 2 —2 4
3 6 —9 7 9

S SERHRI ST AR O B A AT B BT AT B BRTDIE | 15 1 400 45 97 A8 0K AT B
] & ik — 25 A 1] A HEE

BN A SCHEA AR AT S e A

11 —2 1 1 1 —2 1 4
e |2 —1 —1 1 2| FC o —3 3 —1 —¢
A 4 —6 2 —2 4| n—3n 0 —10 10 —6 —12
3 6 —9 79 0 3 —3 4 —3
1 1 —2 1 4 1 1 —2 1 4
fs |0 —3 3 —1 —6| nen |0 —1 1 —3 6
i o —1 1 —3 6|  Jo —3 3 —1 —6
o 0 0 3 —9 O 0 0 3 —9
11 —2 1 4 11 —2 1 4
fma [0 =1 1 —3 6| nen 01 —1 3 —6
5o o o0 8 —oa| e loo o1 —3| B
o 0o 0o 1 —3 00 00 0
B WATO BRI B . 4kt B A7) 554748 4, 15
10 —1.0 4
T o1 =1 0 3
n=r. |0 0 0 1 — - C
0 0 0o 0
CNHITHRWITEM R, k22Xt C #1791 555 2L ¥, 15
10 00 0 1000 0
cre o1 =10 355 o1 0 0 o0
c R N — D,
et 00 0 1 =3[ ti [0 0 1 0 0
o0 o0 o “looooo
AR . D S BRIEIE
3.1.2 V&K | Elementary matrices

ENX 3.3 WM E & — ke &% \ Definition 3.3 The matrix is called an
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elementary matrix if it is obtained by per-
forming an elementary operation on the
identity matrix E.
FEA b HE R 0 =R A AR 0T T = R ) SR R
(1) E—FYEERE. TP E NS AT 55 17 (86 91 55
7 A Al U453 & — Fh 4] %5 46 % (elementary matrix of the first kind) , E|)

1
1
0 1 %47
1 0 $AT
1
1

(2) FEZTMEERE: KRR E WS 173y e LLAEZ 5 8 £ ] LIS 2] 58 Z &
1% 46 FE (elementary matrix of the second kind) , H[I
1

EGi(k)) = k i 1T,

1

(3) E=MINEHERE: KA E WS 17 (8 (9D T UUAEF A L EEE « 17
(55 7 F) xR ot % b, 1l DL 3] 55 = % 4] % %8 P (elementary matrix of the third
klnd)yﬂl]

1
Lok % i 43
EGj (k) = :
1 % AT
1
107 85 A 46 55 ) S5 B A ST RN N O R AT LAAS B O TR0 A MR R 4598 .
TE3.3 HAE—DmXnfEME, X Theorem 3.3 Let A be an m X n ma-

A Bt DL — R W) ZE AT AR B, A 24 TFAE A (94538 | trix, Performing an elementary row opera-
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B om B 012556 5 X A Jifi LL— K | tion on A is equivalent to multiplying A on
WIEEBN A W K S T/ A WA R LA R iy | the left by the corresponding elementary

n ORISR . R AR A RIS, | matrix of order m; interestingly, perform-
ing an elementary column operation on A is

equivalent to multiplying A on the right by
the corresponding elementary matrix of or-
der n. For short, premultiplying once chan-

ges a row and postmultiplying changes a col-

umn.

KT E B 3.3 JeA) A A8 e M) A5 REL I 9 L s B B

Wiy B A~B; TMifE A W2 CRO A IA R m B #1E5EBE P (n B #1548
BEQ)SRNFERE B A1 A 19X R0 LUHISE S %4 ) B=PA(B=AQ).,

(2) Wy g E SR AT ARSI AR W B 2L, X T AR — Fhop) S M TR A ZE i R
A L3 ISR EG L) RN MR A W55 A7 555 7 47 (B3R @ 51 550 5 51D kA7 B
e X T ARIER AR A ZE 3R (A IO AW SRR IS E Gk FRon XA I A
A A7 (B SD R AAE T W E ks AT N TE=ZMMEERE. FEEKE A LT
EGjUO)RTHBEHEAMNE j TRAEH L MBIE I THXNETEE. ABRU EG ()
RABEBFEANEIFIKRAES L MBIE j FIMNRITE E. X SEY0T 2% Pow) 7 # 5F
T LI 0 20 B0 ¥ 2 X S8 A5 5 By AR 35 SCRIAE A RS

ol 4, X A A it L — WA SR AT A

an a2 diz A as A3z d3zz A3y
[ARnas!
A= az a2 ass Aoy |/ |An [2%3] a3 A2y |
asy aso Adss sy ai a2 ais aiy
AH I Hb
0 0 1 ai Az diz  du as a3z A3z A3
E(1,3) A= |0 1 0 A1 dgz  d23  dog | = [dA21 A2z dA23 dA24 | o
1 0 0 asz;  dszz  dszz Az ap  dipz diz Adu
p y v ) Y ira gy
XF A A — IR ) A AT A 4
apn  diz Az diug an aie ais Ay
r, + kry
A= |an Az dz3  dz a21+/€a31 Az T kas, as + kas; am"_kdm ’
dsz1  d3z  dzz Az asy ass Aass A3y
AH I Hb

0
E(23(k))A= |0 1
0

0
k Az dgzz dz3  dag
1

an aiz ais ay
= |dxn +/3a31 [237] +/3a32 [23F] +ka:sa Ay +/ea34

asi ass (7% %} Aasy
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Xt A it A — A 45 51 AL 4

aii aiz ais 23V au—‘—kam aiz ais ai
¢ + ke,
A= |an az2 azs (252 azn + kaos az2 az3  dA24 |
asi asz ass a3y a:&l+ka!i4 asz as3  dAs4
A N
1 0 0 0
an aiz ais aiy an + ka alz  dis aiy
0 1 0 0
AE(41(k))= |an ax a» an = |an +kau an az au|.
0O 0 1 0
asy asz ass asy asi + kas Adsz A3z asy
kR 0 0 1
R T 2 TR A, LTS T A 451
Bl 3.2 X T4 0
1 0 —1
A= |2 2 1
0 —1 1
FIH) 26
0 1 0 1 0 O 1 0 0
E(1,2)=1|1 0 0|, E@BG)) = |0 1 0|, E@23)) = |0 1 0],
0 0 1 0 0 5 0 3 1

3 0 = ) S 2 e A SR AL
SRAT A0 A A ) SRR ) SR VR U T3 OF FE e 2R
B o3 = ) A M 2R R A I AL T A

0 1 0)(1 o —1 2 2 1
E(1,2A= |1 0 0[|2 2 1|=|1 0 —1],
00 1Jlo —1 1 0o —1 1
EREW L EQL2) 2R A M T AR A 15 14T 55 2 17,
1 o o0)(1 o —1 1 o0 —1
EGBGMA= [0 1 ofl2 2 1|=1]2 2 1|.
00 5/lo —1 1 0 —5 5

FRFEWHHEGG) LR A MY TIIER A B 317HLL S5,

1 0 0)(1 0 —1 1 0o —1
E2(3)A= 0 1 0|2 2 1|=12 2 1/,
0 3 1Jl0 —1 1 6 5
3

EERWLH EG2G) T A M TRAEFEA 89565 2 173 L1 3 InEEE 3 47,
3 590 = i) A R R A R AL AL T A

1 0 —1)(0 1 0 01 —1
AE(1,2) = |2 2 111 0 0= 2 2 1],
0 —1 110 0 1 —1 0 1
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BRI EQL2) TR A MY TACHM A 5 1 5155 2 31,

1 0 —1)(1 0 o0 1 0 —5
AE(3(5) = |2 2 1|lo 1 ol=1]2 2 5],
0 —1 1o o 5 0 —1 5
FRERWLH EGOG) AR A MY THH A 195 3 513 LL S,
1 0 —1)(1 0 o0 1 —3 —1
AE(32(3) =12 2 1/|l0o 1 o|l=1]2 5 1],
0 —1 1o 3 1 o 2 1

EERWLH EG2ZG) AT A M TRAFEA 8955 3 513 LL 3 Nz 2 51,
PR, AR s B 3. 3 T LK SRS A 5 B Ay S5 Hi G 28 300 45 AR I 1) 3fe 12: 27 1 ok
T 3.4 WP mXndEEA 5B ZH Theorem 3. 4

[ 70 B AE S . TEAE m Y W] 28464 Py, P, -+, | and B are equivalent if and only if there exist

P, &7’1 m%}]%%ﬁ% Ql 7Q2 7"'7Qra'ﬁﬁ’?§l“

Two m X n matrices A

elementary matrices of order m, given by
PP,
order n, given by Q,,Q,,
PP, ,-P/AQ.Q.-Q, = B.
Xt F =R SR EGL ) L EGR)) SEG(R) 45 5 K5
| EG.j) |=—1, |EGMHR) |=k#£0, |EG®KR) |=1,
U ETER AT, A, ANHERUE

() (EG. ) "=EG. ) (EGU)) ':E(z’(

<+, P;, and elementary matrices of

,Q,, such that

1

k
(2) HIA|=a W |EG,)DA|=—a, |[EGE)A| =Fa,|EGj(F)A| =a.
LT LL_E A HE AN XETE B AN Y 5 B

)),<E<ij<k>>> T—EGj(—k)) s

REHE 3.5 A Y R] T H A
R I 4 300 R A 4T3 S ) 248 T 114 00 25 L

EE3.6 FHIAIF0.5 AZ%EMATB
478 2N R Z L BB |40,

B 3.3 SRR AORE DT .

Theorem 3.5 Elementary matrices are
all invertible and their inverse matrices are
all elementary matrices of the same types.

Theorem 3.6 If |A|7£0, then the de-

terminant of B equivalent to A is nonzero,

i. €. » |B‘¢O.

01 0] (1L o1 1 2 3
1 0 o|X|0 1 ol=14 5 6
00 1) o o 1 7 8 9
01 0 1 0 1
S EEHL |1 0 0 RN EQ,2) KRR AL (0 1 0] &)
0 0 1 0 0 1

1 0
SR EQL3()) , Hi iR 2 E(13(—1) =10 1 0],
0 0

i he a4

—1

1



